Complex number
Evaluate:
(1) (1 + i)2015 + (1 _ 1)2015
(2) 1+ +D+@+D>+ @ +D)3+ -+ (1 +1)2015.

Solve for all roots (including complex number roots):
(3) z6+z3+1=0

5 5 _
@) (z+1)°+(z-1°=0. Beautiful fractal diagram begins with

a complex number.

(1) Method 1
Since —i(1+i)=1-—i,
(1 + i)2015 + (1 _ 1)2015 — (1 + i)2015 _ 12015(1 + 1)2015
— (1 + 1)2015 _ 13(1 + i)2015 — (1 + i)2015 + i(l + i)2015 — (1 + i)(l + 1)2015
= (1 4 1)2°16 = (1 + 2i + i2)1008 = (2{)1008 = p1008

Method 2 Note: cisO = cosO +1isin6

102015 4 (1 - 2015 = [V2 (eis D))" 4 [v2 (eis (<2)]
= \/72015 [cis G X 2015) + cis (—g X 2015)] , by de Morivre’s Theorem
_ 22 |2 cos (T x 2015)| = vZ(21°*7) [2 cos (504 - %)

= \/2(21008) [ oS (_%)] = \/2(21008) [\/_15] _ 1008

Method 3
let x= (1 + 1)2015 + (1 _ i)2015, y = (1 + 1)2015 _ (1 _ 1)2015
x+y=2(1+1)215 =2(1+ 2i +i»)1%07(1 + 1) = 2(2i)1%97(1 + 1)

= 21008(_)(1 4 i) = 21008(1 — §) )
x—y=2(1-1)215 =2(1-2i +i»)107(1 — i) = 2(-21)1°7(1 — i)

= —21008(_i)(1—i) = 219%8(1 +1) .. (2)
W@y — 21008 \ye also find —(1)_(2),y = —21008
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1008
-1

(1+1)2016-1  (1+42i+i?)

(2) T+A+D+A+D*+A+D + -+ A +D)*° === 1

= (—D[(2D)1°% — 1] = (—{)[21°08 — 1] = [1 — 22008];
(3) Method 1

let w=23
2°+723+1=0=>w?4+w+1=0

By quadratic eq. formula, w = —% + ;i = cis (i Zn)

= —0.9396926207859 + 0.3420201433257i

Z = cos (4“) +isin (‘%“) — 0.1736481776669 + 0.9848077530122i

=

Whenk=2, z = cos (““) +isin ( 4“) — 0.1736481776669 — 0.9848077530122i

9

Z = cos (10“) +isin (10“) — —0.9396926207859 — 0.3420201433257i

9

Method 2
9_
Z6+Z3+1=;_1=0 =27°—1=0andz3—-1%0
9 9 . . 2km
For z7—1=0=2z" =1 =cis2kn =z =cis — ,k=0,1,2,..8
For z23—1=0=23=1 = cis 2kn = z = cis 2" ,k=0,1, 2.

3

. 2w ., é6m ., 8m ., 10m . 14m . 16T
Hence the roots are z = cis ?,CIS ?,CIS ?,CIS T,CIS T,CIS T .

(4) Method 1
5

Z+1)5+(Z—-15=0 > z+1)5=—(z—1)5 > (g) — 1 = cis(2kn — )

cis(ZkﬂT_n)+1 _ cis(Zka_n)[cis(Zkfo_ﬂ)+cis( Zkfo_ﬂ)] _ ZCOS(ZkI[o_T[) — —cot (an—n) .

()1 e e () )] 2 T

7 =

Whenk=0, z = —cot (;—;‘) ~ 3.0776835371753i



Whenk =1, z = —cot () ~ —3.0776835371753i
Whenk=2, z = —cot (3) ~ —0.7265425280054i
When k=3, z= —cot (i—n)

Whenk =4, z = —cot (22) ~ 0.7265425280054i

Method 2

z+1)°+(zZ—-1)°=0=22z+1023+52=0 = z(z* + 1022 +5) =0

Therefore z=0 or z*+10z2+5=(z%)?+10z24+5=0
2=2+5-50rz=-2v5-5
z=4+v2V5-5 or +vV-2vV5-5

z ~ +0.72654252800541 or =+ 3.0776835371753i
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